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Summary. The widely used textbook by Brassard and Bratléy [4] includes a chapter
devoted to asymptotic notation (Chapter 3, pp. 79-97). We have attempted to test how suitable
the current version of Mizar is for recording this type of material in its entirety. This article is
a follow-up to [13] in which we introduced the basic notions and general theory. This article
presents a Mizar formalization of examples and solutions to problems from Chapter!3 of [4]
(some of the examples and solved problems are also_in [13]). Not all problems have been
solved as some required solutions not amenable for formalization.

MML Identifier: ASYMPT_1.

WWW: http://mizar.org/JFM/Volll/asympt_1.html

The articles[[10],1[25],1[2],[[21],[18],1[5], [6], [[20], [28],[1], [[11],[[9], [128], [[14],[[16],[[17], [12],
[15], [22], [210], [18], [3], [7], [24], and [13] provide the notation and terminology for this paper.

1. EXAMPLES FROM THETEXT

Let us note that every elementi§fis non negative.

We follow the rules:c, e denote real numberk, n, m, N, n;, M denote natural numbers, ard
denotes a set.

The following propositions are true:

(1) Lett,t; be sequences of real numbers. Suppose that
() t(0)=0,
(i)  for everynsuch than > 0 holdst(n) = (12-n%-log,n— 5-n?) + (log, n)? + 36,
(i) t2(0)=0,and
(iv) for everynsuch thah > 0 holdst;(n) = n®-log, n.
Then there exist eventually-positive sequers;ag of real numbers such that=t ands; =t;
ands e O(sy).

(2) Leta, bbelogbase real numbers ahdy be sequences of real numbers. Supfosel and
b > 1 andf(0) = 0 and for everyn such than > 0 holdsf (n) = log, n andg(0) = 0 and for
everyn such than > 0 holdsg(n) = log,, n. Then there exist eventually-positive sequerses
s of real numbers such that= f ands; = g andO(s) = O(sy).

Let a, b, ¢ be real numbers. The funct¢a®™+}, -y yielding a sequence of real numbers is
defined by:
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(Def. 1) ({ab'”+c)}neN)(n) _ gbnmc

Leta be a positive real number and kgtc be real numbers. One can verify tHaP ™% } oy is

eventually-positive.
One can prove the following proposition

(3) For all positive real numbees b such thaa < b holds{b*™9 1.y ¢ O({al"™ 9} cy).

The sequencélog, n}nen of real numbers is defined as follows:
(Def. 2) {log,n}nen(0) = 0 and for evenyn such than > 0 holds{log, n}nen(n) = log, n.

Let a be a real number. The functén®}cy yields a sequence of real numbers and is defined
by:
(Def. 3) {n?}hen(0) = 0 and for everyn such than > 0 holds{n?}ncn(n) = N2,

Let us note thaflog, n}ney is eventually-positive.
Letabe areal number. Observe tHaf } <y is eventually-positive.
We now state several propositions:

(4) Let f, g be eventually-nonnegative sequences of real numbers. OHENC O(g) and
O(f)#0O(g) ifand only if f € O(g) andf ¢ Q(g).

(5) O({log,N}nery) € O({N2 }nery) andO({10g, NYnere) # O({N2 pen).

(6) {n®)}nen € Q({l0gy Nner) and{log, Nhnen & Q({n3) }nen).

(7) For every sequenciof real numbers and for every natural numkeuch that for every
holds f(n) = TR_o({nK}nen) (k) holds f € ©({n*+ 1} cy).

(8) Letf be a sequence of real numbers. Suppbi® = 0 and for everyn such thain > 0
holds f (n) = n'°%". Then there exists an eventually-positive sequerafaeal numbers such

thats= f andsis not smooth.

Let b be a real number. The functgb}cy yielding a sequence of real numbers is defined as
follows:

(Def. 4) {b}neN =N+—h.

Let us note thaf 1}y is eventually-nonnegative.
We now state the proposition

(9) Let f be an eventually-nonnegative sequence of real numbers. Then there exists a non
empty sef of functions fromN to R such thaf = {{n'}nen} and f € FOULnen) jff there
existN, c, k such thatc > 0 and for everyn such thatn > N holds 1< f(n) and f(n) <

¢ {n}nen(n).
2. ProOBLEM 3.1

We now state the proposition

(10) For every sequendeof real numbers such that for everyolds f (n) = (3-10° — 18- 10°-
n)+27-n? holds f € O({N?}nen)-
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3. PROBLEM 3.5
We now state three propositions:
(11) {n*}nen € O({n*}nen).

12) {nz}neN ¢ Q({ns}neN)-

(13) There exists an eventually-positive sequesctreal numbers such that= {21'”“)},@;
and{2'™01 .\ € O(s).

Let a be a natural number. The functdfn+ a)! }ney Yyielding a sequence of real numbers is
defined by:

(Def.5) {(n+a)!}nen(n) = (n+a)!.

Let a be a natural number. Note th§in+ a)! }nen is eventually-positive.
Next we state the proposition

(14) {(n+0)! }nen € O({(N+1)! fnen)-

4. PROBLEM 3.6
We now state the proposition

(15) For every sequendeof real numbers such thdte O({n'}ncy) holds f f € O({n?}nen).

5. PrROBLEM 3.7
One can prove the following proposition

(16) There exists an eventually-positive sequesickreal numbers such that= {219}
and 2{n'}nen € O({N*}ner) and {220} & O(s).

6. PrROBLEM 3.8
We now state the proposition
(17) Iflog,3 < 189 then{n(0%3)}, . € O({n180)}ney) and {n0%3 Y, ¢ Q({n(10) }pey)
and {n(°%3}, ¢ O({n30) }ne).
7. PROBLEM3.11
Next we state the proposition

(18) Letf, g be sequences of real numbers. Suppose for evapids f (n) = nmod 2 and for
everyn holdsg(n) = (n+ 1) mod 2 Then there exist eventually-nonnegative sequescgs
of real numbers such that= f ands; = gands¢ O(s;) ands; ¢ O(s).

8. PROBLEM 3.19
We now state two propositions:

(19) For all eventually-nonnegative sequenteg of real numbers hold®(f) = O(g) iff f €
©(9).

(20) For all eventually-nonnegative sequenéeg of real numbers hold$ € ©(g) iff ©(f) =
©(9).
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9. PrOBLEM 3.21

One can prove the following propositions:

(21) Letebe a real number anfl be a sequence of real numbers. Supposeddand f(0) =
0 and for everyn such thatn > 0 holds f(n) = n-log,n. Then there exists an eventually-
positive sequenceof real numbers such that= f andO(s) € O({n1+9} ) andO(s) #
O({nM}pey).

(22) Letebe areal number argibe a sequence of real numbers. Supposesande < 1 and
0(0) = 0 andg(1) = 0 and for everyn such than > 1 holdsg(n) = %. Then there exists
an eventually-positive sequensef real numbers such that= g andO({n1®},cy) C O(s)
andO({n®}ncy) # O(s).

(23) Letf be a sequence of real numbers. Suppb&) = 0 and f(1) = 0 and for everyn

such thah > 1 holdsf(n) = logzn. Then there exists an eventually-positive sequerafeeal
numbers such that= f andO(s) C O({n®}nen) andO(s) # O({n®}nen).

(24) Letg be a sequence of real numbers. Suppose that for eveojdsg(n) = ((n? —n) +
1)%. Then there exists an eventually-positive sequesareal numbers such that= g and
O({n°}ner) = O(9).

(25) Letebe areal number. SupposeCe ande < 1. Then there exists an eventually-positive
sequences of real numbers such that= {1+ €™}y and O({n®}ney) C O(s) and

O({n}nen) # O(9).

10. PFROBLEM 3.22
One can prove the following propositions:

(26) Letf, g be sequences of real numbers. Suppig$e = 0 and for everyn such than > 0
holds f(n) = n'°%2" andg(0) = 0 and for everyn such thatn > 0 holdsg(n) = nv™. Then
there exist eventually-positive sequensges of real numbers such that= f ands; = gand
O(s) € O(s1) andO(s) # O(s1).

(27) Letf be a sequence of real numbers. Suppfi® = 0 and for everyn such thain > 0
holds f (n) = nv™. Then there exist eventually-positive sequerses of real numbers such
thats= f ands; = {219}, andO(s) C O(s;) andO(s) # O(sy).

(28) There exist eventually-positive sequenses of real numbers such that= {21'”+°)}n€N
ands; = {28V} oy andO(s) = O(sy).

(29) There exist eventually-positive sequenses of real numbers such that= {2279}
ands; = {22™0} .y andO(s) C O(s;) andO(s) # O(sy).

(30) There exists an eventually-positive sequesickreal numbers such that= {2290}
andO(s) C O({(n+0)! }nen) andO(s) # O({(n+ 0)! }nen).

(1) O({(n+0)!}new) € O({(n+1)! tnen) andO({(n+0)! pnew) 7 O({(N+ 1)! }nen).-

(32) Letg be a sequence of real numbers. Suppg€e = 0 and for everyn such thath > 0
holdsg(n) = n". Then there exists an eventually-positive sequesafeeal numbers such that
s=gandO({(n+1)! }nen) € O(s) andO({(n+ 1)! }nen) # O(S).

11. PROBLEM 3.23
One can prove the following proposition

(33) Letgivemn. Supposeé > 1. Let f be a sequence of real numbers & a natural number.

If for everyn holds f (n) = TR_o({n}new) (), then f(n) > %
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12. PRoBLEM 3.24
We now state the proposition

(34) Letf, gbe sequences of real numbers. Supmife = 0 and for everyn such than > 0
holdsg(n) = n-log, n and for everyn holds f (n) = log,(n!). Then there exists an eventually-
nonnegative sequens®f real numbers such that= gandf € O(s).

13. PROBLEM 3.26

One can prove the following proposition

(35) Letf be an eventually-nondecreasing eventually-nonnegative sequence of real numbers
andt be a sequence of real numbers. Suppose that for evholds if nmod 2= 0, then
t(n) = 1 and ifnmod 2= 1, thent(n) = n. Thent ¢ ©(f).

14. PROBLEM 3.28

Let f be a function fronN into R* and letn be a natural number. Thefi{n) is a finite sequence of
elements oR.

Let n be a natural number and lef b be positive real numbers. The functor Probi2@, b)
yielding a real number is defined by:

(Def. 6)(i) Prob28n,a,b) =0if n=0,

(i) there exists a natural numbekmnd there exists a functioppg from N into R* such that
| +1=nand Prob2&, a,b) = ps(l)n andpzg(0) = (a) and for every natural numbaerthere
exists a natural numbey;, such than, = [™51] and pag(n+ 1) = pag(n) ™ (4+ P2s(M)n, +
b-(n+1+1)), otherwise.

Let a, b be positive real numbers. The functfProb28n,a,b) }ney yields a sequence of real
numbers and is defined as follows:

(Def. 7) ({Prob28§n,a,b)}nen)(n) = Prob2&n, a,b).
We now state the proposition

(36) For all positive real numbees b holds{Prob2&n, a,b) } ncy is eventually-nondecreasing.

15. PRoBLEM 3.30

The non empty subsé¢2" : n € N} of N is defined by:
(Def. 8) {2":ne N} ={2":nranges over natural numbérs

We now state three propositions:

(37) Letf be a sequence of real numbers. Suppose that for evhojds ifn € {2": ne N},
thenf(n)=nandifn¢ {2":nc N}, thenf(n) = 2". Thenf € O({n'}nen|{2": n € N})
andf ¢ O({n'}nen) and{nt},cy is smooth and is not eventually-nondecreasing.

(38) Letf, gbe sequences of real numbers. Suppiggg = 0 and for everyn such than > 0

holds f (n) = 22" andg(0) = 0 and for everyn such than > 0 holdsg(n) = n". Then
there exists an eventually-positive sequesoéreal numbers such that

() s=g,
(i) feo(s{2":neN}),
i)y f¢0s),

(iv) f is eventually-nondecreasing,
(v) sis eventually-nondecreasing, and
(vi) sis not smooth w.r.t. 2.
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(39) Letgbe asequence of real numbers. Suppose that for eNeslds ifn € {2": n e N}, then
g(n)=nandifn¢ {2": n € N}, theng(n) = n?. Then there exists an eventually-positive se-
guencesof real numbers such that= g and{n*}nen € O(s|{2": n€ N}) and{n!}nen ¢ O(s)
ands, € O(s) and{n'}ncy is eventually-nondecreasing asis not eventually-nondecreasing.

16. RRoBLEM 3.31

Let x be a natural number. The functaryielding a natural number is defined as follows:

(Def. 9)(i) There exist® such than! < xandx < (n+1)!andxj =n! if x#0,
(i)  xj =0, otherwise.

The following proposition is true

(40) Letf be a sequence of real numbers. Suppose that for eMerids f (n) = nj. Then there
exists an eventually-positive sequersagf real numbers such that= f and f is eventually-
nondecreasing and for evemholds f (n) < {n},cx(n) andsis not smooth.

17. PROBLEM 3.34

Let us observe thgn' }new — {1}nen is eventually-positive.
We now state the proposition

(41) O({n"}nen — {L}nen) + O({n'hnen) = O({n! }nen).

18. PFROBLEM 3.35
The following proposition is true

(42) There exists a non empty $ebf functions fromN to R such thaF = {{n*},cy} and for
everyn holds {n"Y} ey (n) < {n*}nen(n) and{n-Y}pcy ¢ FOUinery),

19. ADDITION
One can prove the following proposition

(43) Letc be a non negative real number angd be eventually-nonnegative sequences of real
numbers. Givere, N such thate > 0 and for everyn such thain > N holds f(n) > e. If
x€ O(c+ f), thenx € O(f).

20. POTENTATIALLY USEFUL

We now state a number of propositions:

(44) 2=4.
(45) 2=8.
(46) 2 =16
@47 2=32
(48) X =64

(49) 2?2 =4096
(50) For everyn such than > 3 holdsn? > 2-n+1.
(51) For everyn such thanh > 10 holds 2-1 > (2-n)2.
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(52) For everyn such than > 9 holds(n+1)% < 2.nf.

(53) For everyn such than > 30 holds 2 > n®.

(54) For every real numbersuch thai > 9 holds 2 > (2-x)2.

(55) There existd such that for every such than > N holds/n—log,n > 1.
(56) For all real numbera, b, ¢ such thata > 0 andc > 0 andc # 1 holdsaP = c?10%2,
(57) (4+1)!=120

(58) 5 =23125

(59) 4'=256

(60) For everyn holds(n? —n) +1 > 0.

(61) For everyn such than > 2 holdsn! > 1.

(62) For allng, nsuch thah < n; holdsn! < nq!.

(63) For evenk such thak > 1 there exists such than! < k andk < (n+1)! and for everym
such tham! < kandk < (m+ 1)! holdsm=n.

(64) For everyn such than > 2 holds[ 3] < n.
(65) For everyn such than > 3 holdsn! > n.
(67[] For everyn such than > 2 holds 2 > n+ 1.

(68) Letabe alogbase real number afibe a sequence of real numbers. Supposel and
f(0) = 0 and for everyn such than > 0 holdsf (n) = log, n. Thenf is eventually-positive.

(69) For all eventually-nonnegative sequentggof real numbers hold§ € O(g) andg € O(f)
iff O(f) = O(g).

(70) For all real numbers, b, ¢ such that 0< aanda < b andc > 0 holdsa® < b°.
(71) For everyn such than >4 holds 2n+3 < 2".

(72) For everyn such than > 6 holds(n+ 1) < 2",

(73) For every real numbersuch that > 6 holdsc? < 2°.

(74) Lete be a positive real number arfdbe a sequence of real numbers. Suppbg =0
and for everyn such thatn > 0 holds f (n) = log,(n€). Then f /{n€}ncy is convergent and

lim(f/{n®}nen) =0.

(75) For every real numbeg such thate > 0 holds {log, n}nen/{n}nen is convergent and
lim({logy n}nen/{N%}nen) = 0.

(76) For every sequendeof real numbers and for eveN such that for every such thanh <N
holds f (n) > 0 holdssN_, f (k) > 0.

(77) For all sequencefs g of real numbers and for eveN such that for everm such thah <N
holds f(n) < g(n) holdssR_, f(k) < SN_,g(K).

(78) Letf be a sequence of real numbers dnble a real number. Suppo$€0) = 0 and for
everyn such than > 0 holdsf (n) = b. LetN be a natural number. Ther{l_, f (k) = b-N.

(79) For all sequenced, g of real numbers and for all natural numbeks M holds
SR PO+ FIN+D) = 5 F(K).

1 The proposition (66) has been removed.
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(80) Letf, gbe sequences of real numbdvkspe a natural number, and giveh SupposeN >
M + 1. If for every n such thaM + 1 < nandn < N holds f(n) < g(n), thengM ., f(k) <

SRN19(K).
(81) Foreverynholds[3] <n.

(82) Letf be a sequence of real numbebsbe a real number, and be a natural number.
Supposef (0) = 0 and for everyn such than > 0 holdsf(n) = b. Let M be a natural number.
ThensM 1 f(K) =b-(N=M).

(83) Letf, g be sequences of real numbeksbe a natural number, arabe a real number.
Supposef is convergent and lich = ¢ and for everyn such thath > N holds f(n) = g(n).
Theng is convergent and lig=c.

(84) For everyn such than > 1 holds(n? —n) + 1 < n?.
(85) For everyn such than > 1 holdsn? < 2-((n® —n) +1).

(86) For every real numbersuch that O< e ande < 1 there exist®N such that for every such
thatn > N holdsn-log,(1+e€) —8-log,n > 8-log, n.

(87) For everynsuch than > 10 holds% < Zn—l,g

(88) Foreverynsuchthan>3holds2(n—2) >n-1.
(89) For every real numbersuch that > 0 holdsc? = V€.

(90) There existd such that for every such than > N holdsn—\/n-log,n > 3.

(91) For every sequena®f real numbers such that for evamholdss(n) = (1+ Fll)“” holds
sis non-decreasing.

2
(92) For everynsuch than > 1 holds(hnl)n < (D2l

+l)

(93) For allk, nsuch thak < n holds (i) > (nil .

(94) For every sequendceof real numbers such that for evemholds f (n) = log,(n!) and for
everyn holds f(n) = S¢_q({logy N}nen) (K).

(95) For everyn such thanh > 4 holdsn-log,n > 2-n.

(96) Leta, b be positive real numbers. Then Prolf2&,b) = 0 and Prob28l,a,b) = a
and for everyn such thatn > 2 there existsy such thatn; = [3] and Prob2n,a,b) =
4.Prob28ny,a,b)+b-n.

(97) For everyn such than > 2 holdsn? > n+ 1.
(98) For everyn such than > 1 holds 21 —2" > 1.
(99) Forevennsuchthan>2holds2—-1¢ {2":ne N}.
(100) For alin, k such thak > 1 andn! < kandk < (n+1)! holdskj = n!.

(101) For all real numbers, b, c such thatn > 1 andb > aandc > 1 holds log c > log,c.
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